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Abstract. In this paper we produce a lower bound for the number of 
periodic orbits of certain Hamiltonian vector fields near Bott-nondegenerate 
symplectic critical submanifolds. This result is then related to the prob- 
lem of finding closed orbits of the motion of a charged low energy particle 
on a Riemannian manifold under the influence of a magnetic field. 



1. Introduction 

Our primary goal is to establish a lower bound for the number of periodic 
orbits of a low energy, charged particle moving in a magnetic field on a 
Riemannian manifold M. This motion can be described by a Hamiltonian 
dynamical system on T*M with the metric Hamiltonian and the "twisted" 
symplectic form £1 = dX + tt*uj. Here A is the standard Liouville 1-form, 
7r: T*M — > M is the canonical projection and w is a closed 2- form on M 
representing the magnetic field. We will show that in the low energy (large 
field) limit, when u is nondegenerate, the flow restricts to the fibres of T*M 
and is quasiperiodic there. Hence, one might expect many of the periodic 
orbits to persist on low energy levels. For a large class of cases, we prove that 
this happens and establish a lower bound for the number of these orbits. To 
the knowledge of the author, it is still unknown whether this number can 
indeed be finite. 

When M is a surface, the problem of finding periodic orbits has been 
studied extensively. For a comprehensive review of these results the reader 
is referred to [pi2j ] . Symplectic techniques were first applied to the problem 
on the torus by V.I. Arnold in [Arl] and Ar2j] . These methods were refined 



by V.L. Ginzburg and dividing the search for periodic orbits into the three 
natural realms of high, intermediate and low energy levels we can summarize 
his results as follows. On high energy levels, when the magnetic flow is 
close to the geodesic flow, he established the existence of a periodic orbit in 
each free homotopy class of maps 5* 1 — > M that contains a closed geodesic, 



[ Gi4 |. The only nontrivial case here, when M is the torus, is dealt with 



using a theorem due to J. Mather, [Ma]. In | Gi3H , Ginzburg noted that the 



horo cycle flow of Hedlund fried provides an example of a magnetic flow on an 
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intermediate energy level with no closed trajectories. Most importantly for 
us, Ginzburg showed that on low energy levels the number of closed orbits 
is no less than Crit(M), the minimum number of critical points of a smooth 
real- valued function on the surface M, [Gil] 



Much less is known about the existence of periodic orbits when dim(M) > 
2. In [GK] it is shown that for any magnetic field on a torus of any dimension 
there exist periodic orbits on almost all energy levels. This is proven using 
the symplectic capacity of Hofer and Zehnder [ HZ | and the results concerning 
this capacity found in [FHV| and Q. For nonzero magnetic fields on tori, L. 
Polterovich [Po] showed, using Hofer's metric on the space of Hamiltonian 
diffeomorphisms [Ho], that there actually exist contractible closed orbits on 
a sequence of arbitrarily small energy levels. As well, A. Bahri and I. A. 
Taimanov have used variational methods to prove a specialized existence 
result for exact magnetic fields on manifolds of any dimension, |BT[. 

When M is even dimensional and to is nondegenerate as well as closed, 
M is a Bott-nondegenerate symplectic critical submanifold of T*M. Thus, 
the search for low energy periodic orbits can be placed in the more general 
setting of looking for periodic orbits of a Hamiltonian dynamical system 
near such submanifolds. This is the setting in which we will work. Letting 
d 2 N H denote the restriction of the Hessian of H to vectors transversal to M, 
and requiring the eigenvalues of d 2 N H to satisfy certain resonance conditions 
with respect to f2, we establish the existence of at least qCL(M) + (n — m) 
closed orbits on sufficiently low energy levels. Here q is the number of 
integer independent eigenvalue classes of d 2 N H with respect to f2 and CL 
denotes the cuplength. When M is a point the lower bound becomes n, 
in agreement with A. Weinstein [We2], and our method of proof reduces 
to that of J. Moser [Mo2|. For the magnetic problem, we also get that if 
the metric Hamiltonian comes from an almost comlex structure compatible 
with u, then q = 1 and there are at least CL(M) + m closed orbits on low 
energy levels. This includes the Kahlerian metric on any Kahler manifold. 
It is plausible that the dependence of our lower bound on q is an artifact 
of the particular method we employ to detect periodic trajectories and the 
real bound should be (n — m)(CL(M) + 1). 

In looking for periodic orbits, the limiting dynamics leads us to consider 
the following situation. Let Xq be a vector field whose flow contains a peri- 
odic compact nondegenerate submanifold E. For us S will be nondegenerate 
if the linearized Poincare map has 1 as an eigenvalue of algebraic multiplic- 
ity dim(T,). Given a perturbation X\ of Xq, we would like to know under 
what conditions X\ has periodic orbits near X. Moreover, we would like to 
obtain a lower bound for the number of these closed orbits. To answer these 
questions we consider M. Bottkol's generalizations [Bot] of the related work 
of Moser fMolU |Mo2|| and Weinstein jWelH jWe3|] . In this work, Bottkol pro- 
duces a lower bound for the number of periodic orbits of X\ near S, given 
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that both Xq and X\ are Hamiltonian with respect to the same symplectic 
form. 

Bottkol's method of proof is extended to a setting, which covers our lim- 
iting dynamics, in which Xq is not Hamiltonian. With this, the stated lower 
bound for the number of closed orbits of certain Hamiltonian flows near 
Bott-nondegenerate symplectic critical submanifolds is established. This re- 
sult is discussed in Section [2] as is its relation to the magnetic problem. 
The proof, as well as a tangential result concerning closed characteristics of 
certain 2-forms, is contained in Section ||. 

Acknowledgments. I am profoundly grateful to Viktor Ginzburg for show- 
ing me this problem, helping in the solution and his kind thoughtful advice. 
I would also like to thank Alan Weinstein for his helpful comments. 

2. Statement and Discussion of the Main Theorem 

2.1. The Main Theorem. Let H: N 2n -> R be a proper function on a 
symplectic manifold (N 2n ,Q) such that H reaches its minimum at M 2m , a 
compact, symplectic, Bott-nondegenerate submanifold. 

Theorem 2.1. Let d 2 N H satisfy the global resonance conditions as defined 
below. Then, for sufficiently small e > 0, the number of periodic trajectories 
of the Hamiltonian vector field X h on {H = e 2 } is at least qC L(M)+(n—m) . 
Here q is the number of integer independent eigenvalue classes of d 2 N H. 

2.2. The Global Resonance Conditions (G.R.C.). In fL"y| , Lyapunov 
considers the existence of periodic orbits near critical points of a Hamil- 
tonian H: R 2n -> R. For a local minimum he establishes the existence of 
n periodic orbits on all sufficiently close energy levels provided that the 
(imaginary) eigenvalues of the linearized Hamiltonian vector field are inte- 
ger independent. Weinstein achieves the same lower bound in [ We3| ] without 



any resonance assumptions. In replacing the critical point by a symplectic 
minimum submanifold M, we must readopt some of these resonance condi- 
tions globally on M. A condition similar to that defined below appears in 



the work of F. Takens |Ta] on strong constraints. 

Setting H\m = 0, we can assume, for sufficiently small e, that {H = e 2 } 
lies in a neighborhood W of the zero section in the total space E of a normal 
bundle over M. We choose this normal bundle to be (TM) , the symplectic 
orthogonal complement to TM. By Weinstein's Symplectic Neighborhood 



Theorem HWe2| we may also assume that that restricts to the fibres in 



(TM) n n w as a constant linear symplectic form Q F . Thus we have a 
symplectic vector bundle and a fibrewise postitive-definite quadratic form 
d 2 N H. In each fibre E x , there exist coordinates {yi}?£i such that Q F is the 
canonical symplectic form on R 2p and 

p 

d 2 N H{x){y) = ^2 i a i (x){yf + y 2 i+p ). 
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This follows from the fact that one can put a symplectic matrix in standard 
form and diagonalize a symmetric nondegenerate matrix simultaneously. In 
fact, the Oj(x) are uniquely determined by Q F (x) and d 2 N H{x). 

Definition 2.2. For a fixed xq 6 M let the {aj} be ordered by magnitude 
i.e. 

< a\ < ci2 ■ ■ ■ < a p . 

We say that d 2 N H satifies the global resonance conditions if the a% satisfy the 
following restrictions. If aj(xo) ^ naj(xo) for i > j and n € N then ai{x) ^ 
naj{x) for all x £ M. Similarly, if aj(xo) = naj(xo) for z > j and any n 6 N 
then aj(x) = naj(x) for all x € M. We call such pairs of eigenvalues integer 
independent and dependent respectively and, ignoring our imposed ordering 
by magnitude, we denote the classes of integer dependent eigenvalues as 

{(«1, 0>2, ■ ■ ■ , Ofei), (Ofci+l) • • • ,«fe 2 )> ■ • ■ ' ( a fc 9 -i+l> • • • i a k q = o p )}. 

Under these assumptions the aj(x) can be treated as smooth real- valued 
functions of M . 

Remark 2.3. The existence of periodic orbits can be established in a variety 
of situations even if the G.R.C. are not strictly satisfied. For example, 
we will call a subset of the {a^j's, (a^, ... , a,j r ), a stable eigenvalue set of 
order r if the {a^} are integer dependent along M and no other eigenvalue 
is an integer multiple of any of the aj i for any x G M. Under the other 



hypotheses of Theorem 2.1 the existence of a stable eigenvalue set of order 
r yields CL(M) + r periodic orbits on sufficiently low energy levels. 

Alternatively, the G.R.C. are satisfies automatically if M is of codimen- 
sion two in N. In such cases there is only one eigenvalue, a%, and we estab- 
lish the existence of at least Crit(M) periodic orbits on low energy levels. 
Again, Crit(M) denotes the minimum number of critical points of a smooth 
real- valued function on M. 



2.3. The Magnetic Problem. Theorem |2.1| relates to the magnetic prob- 
lem in the following way. Let (M, uj) be a compact symplectic manifold and 
= T*M with the symplectic form £1 = d\ + tt*uj, where A is the standard 
Liouville form on T*M and ir : T*M — > M is the canonoical projection. 
Then any Riemannian metric g on M will yield a proper kinetic energy 
Hamiltonian on T*M for which M is a Bott-nondegenerate minimum. The 
resulting Hamiltonian vector field on T*M describes the motion of a par- 
ticle, constained to M, under the influence of the magnetic field given by 
uj. Finally, M is a symplectic submanifold of T*M when identified with the 



zero section and Theorem 2.1 now yields: 



Theorem 2.4. A charged particle on a manifold M 2m , under the influence 
of a "symplectic" magnetic field, with a kinetic energy satisfying the G.R.C. 
has at least qCL(M)+m closed trajectories on sufficiently low energy levels. 
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For the magnetic problem the G.R.C. are satisfied automatically in several 
interesting cases. If M is a surface there is only one dj (see Remark |2.3| ). In 
this case we get an alternative proof of the following result of Ginzburg in 



[Gil 



Theorem 2.5. A charged particle on an orientable compact surface M, un- 
der the influence of a nonvanishing tranversal magnetic field has at least 
Crit(M) closed trajectories on sufficiently low energy levels. 

As well, if g = uj(-,J-) for a compatible almost complex structure J on 
(M,lo) we shall see (Remark |3,2j ) that not only are the G.R.C. satisfied but 
q = 1 and all the dj are equal. This includes the case of a Kahlerian metric 
on a Kahler manifold and under this assumption we get: 

Corollary 2.6. A charged particle on (M, u, J), under the influence of the 
"symplectic" magnetic field, has at least CL(M) + m closed trajectories on 
sufficiently low energy levels. 

When the orbits here are nondegenerate the lower bound here may be 
replaced by SB(M), the sum of Betti numbers of M. This is shown in [GK] 
using the methods of [Gil] 



Finally, as noted by A. Weinstein, if a Lie group acts transitivley on M 
such that u and g are invariant under the action then the G.R.C. are again 
satisfied. In fact, by the transitivity of the action and the invariance of the 
vector field we get at least one periodic orbit through every point on M. 

3. Proof of the Main Theorem 



Theorem 2.1 will follow from two lemmae. We first rescale the problem 
and show that X\ , the pushforward of Xh after the rescaling, is close to a 
fibrewise quasiperiodic vector field Xq on low energy levels. Then with the 
second lemma we establish the desired number of periodic orbits for X\ and 
hence Xh- 

In looking for periodic orbits near critical points of a Hamiltonian H : M? n — > 
M, one starts with an equation of the form 

z = J H zz (0) ^ + R(z) 

where R(0) = = ^f(O) and J = ^ . This equation is then rescaled 

using z — > ez, i.e. 

z = JH zz (0)z + O(e), 
and one looks for periodic orbits near those of the limiting linear equations, ( 
[Wc3], [ |Mo2| ], [ |FR| ). In dealing with our critical submanifold M we will 



rescale globally in the normal directions of the tubular neighborhood of M 
described in |2.2| and show that we still get a well-defined and useful limiting 
vector field. 

We start with the Hamiltonian dynamical system defined by 

ix H Q = dH. 
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Letting $ : E —* E be the global fibrewise dilation by a factor of e, we set 

X l = e- 2 <S>-\X H , 

h = 

and 

n F = $*n F . 

The Hamiltonian dynamical system now looks like: 

(1) i Xi n = d(e- 2 <S>*H). 

Lemma 3.1. As e — > ; X\ approaches a fibrewise, quasiperiodic vector 
field Xq. In particular, in each fibre E x , Xq is the Hamiltonian vector field 
of d 2 N H\ x with respect to Q F . 

Proof. We restrict ourselves to a neighborhood of W on which our normal 
bundle is trivial and there we split things into fibre (vertical) and base 
(horizontal) components, i.e. let 

Xi = X B + X F 

and 

VL = uj + ri + t 

where u has only horizontal terms, £ has only fibre terms and r\ has only 
mixed terms. The forms u> and £ have orders of e~ 2 and 1 respectively. 
Furthermore, by our choice of (TM) as the normal bundle, we have £ = Cl F 
and T]\tm = so that ij is of (at most) order 1 in W. Locally, Hamilton's 
equations (|l|) are now of the form 

i X BUJ + i X FV = d B (e~ 2 $*H) 

i xF n F + i X B7] = d F (e- 2 $*H). 

Comparing relative orders, the first equation implies that X B is of order e 2 
with respect to X F . The second equation then implies that X F is of order 
1. We also know that, as e — > 0, e^^^H approaches d 2 N H. Hence, in this 
limit, X\ approaches the fibrewise vector field Xq given by 

(2) i Xo n F = d F (d 2 N H). 

Indeed, this equation defines the limiting vector field Xq globally and we 
note that the convergence is C k for any k. 

To show that the flow of Xq is fibrewise quasiperiodic, we recall that in 
each fibre E x there are coordinates {yi(x)} such that 

1=1 

and 

d F {d 2 N H) = 2^2ai(x)(yidyi + y i+ k q dy i+ k q )- 
i=l 
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So, the flow of Xq in each fibre is given by the sets of O.D.E's 

iji = -2aiy i+kq 
y i+kq = 2aiyi 

for i € {1, . . . , kg = (n — m)}. This flow is clearly quasiperiodic and the 
proof of the lemma is done. □ 

Remark 3.2. As an aside, we show that all the {ctj} are equal for the mag- 
netic problem when the metric g comes from an almost complex structure 
J compatible with u>. In the framework of the proof of Lemma |3.1| we have 
N = T*M, = tt*uj + dX and H(q,p) = ^oj(q)(p, J(p)), where {q,p} are 
local "pdq" coordinates of A. It is possible to choose the base coordinates 
{qi} such that u is locally canonical. Thinking of 0, in these coordinates as 
a skew symmetric matrix we then have 

Q =- U -Idm 

[ Id m 

Using the normal bundle (TM) n C T(T*M), it is staight forward to check 
that Q F = —u>, as matrices. After rescaling, we see that as e — > the 
fibres of (TM) approach the vertical fibres of T(T*M) and there we get 
the limiting vector field Xq given by 

-uX (q,p) = ujj(p). 

The nondegeneracy of u implies that Xo(q,p) = —J(p) and choosing the 
{pi} such that J is canonical in T*M we see that all the a» = 1. 

Next we show that the flow of Xq, (p t , has q nondegenerate periodic sub- 
manifolds in {d 2 N H = 1}. Recall that the G.R.C. yield q classes of integer 
dependent eigenvalues of d 2 N H with respect to £l F : 

{(ai,o 2 ,... ,a kl ),(a kl+ i, . . . ,a k2 ),... , (a fcp _ 1+ i, . . . ,a kp )}. 

By the proof of the previous lemma we know that the flow of Xq resticted to 
the eigenspace of any of these classes is periodic. The level set {d 2 N H = 1} 
is a sphere bundle over M. Consider the subbundles, {S l }| =1 , which corre- 
spond to the q classes of integer dependent eigenvalues of d 2 N H as follows. 
Let each be the S 2 ^-^-!)- 1 bundle over M whose fibre over x € M is 
given by the intersection of the fibre of {d 2 N H = 1} with the eigenspace of 
the class (a ki _ 1 , . . . ,a ki ). By the integer independence of the classes, the T, 1 
are nondegenerate as periodic submanifolds of the flow of Xq on {d 2 N H = 1}. 
We now look for closed orbits of X\ near the £\ 

Lemma 3.3. The Hamiltonian vector field X\ has at least Crit(T, l /S 1 ) 
closed orbits near each £\ 

Proof. The proof will come in two steps, both dependent on Bottkol's gen- 
eralizations of Moser's work. Fix T, 1 = X. First we will use a proposition of 
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Bottkol's to find a ^-invariant vector field V on E whose zeroes correspond 
to closed orbits of X\ near E. Then we will extend the method of proof of 



Bottkol's second result in [Bot] to find a (//-invariant function S on E whose 
critical points correspond directly to zeroes of V . Combining these results 
we get the following as desired: 

{# of closed orbits of X\ near E} > {# of zeroes of V on E} 

> Crit^/S 1 ) 



3.1. Step 1. In |Bot], the following local decomposition is proved. 

Proposition 3.4. Let Yq be oC 3 vector field on a manifold P that generates 
a flow (// with a compact nondegenerate periodic submanifold E of period 1. 
Suppose that Y\ is a C 2 vector field C 2 -close to Yq in some neighborhood of 
E. Then there exists a (//-invariant function A: E — > M (close to 1), and 
unique C 1 -small sections U and V, o/TP| s and TE respectively, such that 
for 

u = exp{U{-)) : E -> P 

and 

P(u): T Z P^T U(Z) P, 

defined by 

:i exp(U + hV), 

h=0 



Piu > v ih 



we have the following decomposition: 



AYi(«) = duY - P(u)V. 
The following conditions also hold: 

1. [V,Y }=0. 

2. /J d^U^iz)) dt = Vz G E. 

3. V _L Yq with respect to a (ft 1 -invariant metric on E, < , >. 

We now outline a simple proof of this proposition for the case E = P. 
Consider the following subsets of X (P), the Banach space of C 1 vector fields 
on P. Let 

X l {P) ={Ue X \P) | [Y ,U] € x'CP) and I d^U^z)) dt = Vz G P} 

Jo 

and 

xL = {V e x 1 (P)\[Yo,V} = o}. 

Clearly xj n v ^ s a closed subspace of x (P), an d X l {P) is also a Banach space 
given the norm 

ll^ll = HC^Hi + 11^0,^ 111- 
Let the map II: X (P) x xj n v ~~ X l {P) be defined by 

11(17, V) = duYo - P(u)V, 
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where u and P(u) are as above. Note that 11(0, 0) = Yq. One can show quite 
easily that <£Q(o,o) is an isomorphism. So, by the inverse function theorem 
for Banach spaces, for all Y\ sufficienly C 1 -close to Yq we get unique U and 
V such that 

Yi = duY - P(u)V. 
Given this decomposition, the existence of the (j) -invariant function A, that 
ensures V J_ Yq, can be established using the implicit function theorem as 
it is in | Bot | . 

Remark 3.5. With a little extra effort this proof yields a C 1 version of a 
result of H. Seifert that establishes the existence of a closed orbit for vector 
fields C°-close to the Hopf field on S 3 , |pej| . It is a simplification of the proof 
by Moser, |Mo2 |, which is possible only because of its stronger closeness 
hypothesis, (see [ Gi5fl ). 



Proposition |3.4| yields a decomposition of Y\ near E, i.e. there is a unique 
embedding u of E — > P, and a (^'-invariant vector field 7onS such that on 
u(E) we have 

XYl(u(z)) = duY - P(u)V. 
This is a useful splitting because if V(z) = then V(cj) t (z)) = for all t, 
since [V, Yq] = 0. Thus, we get 

XY 1 (u(4> t (z))) = duY (4> t (z)) 

which means that it(^*(z)) is a closed orbit of XY% on it(E). Since A is close 
to 1, u{4> ( z )) is a ls° a closed orbit of Y\ and we get a direct correspondence 
between zeroes of V and periodic orbits of Y\ on n(S). 

In looking to apply this decomposition to our situation we note, for small 
e > 0, that e~ 2 &*H is C fc -close to d 2 N H for any k. Consequently there exists 
a diffeomorphism 0: {d 2 N H = 1} — > {e^&^H = 1} such that d(3 is close to 
the identity. Letting {d 2 N H = 1} = P, S = S, X = Y , and Yi = 0*X X , 
Proposition 3A gives unique U and V such that 

(3) \p*Xx(u{z)) = duX - P{u)V. 
Now if V(z) = for z £ S we get 

A ) 9*X 1 (u(^(«)))=dttXo(0 t («)). 

This implies that Pouo(j) t (z) is a closed orbit of X\ on u(E) C {e~ 2 &*H = 1} 
and we get the first desired correspondence between zeroes of a (^-invariant 
vector field V on E and closed orbits of X\ near E. 

3.2. Step 2. Expanding on the work of Bottkol we constuct a <j) -invariant 
function S : E — > M. whose critical points correspond to zeroes of V. Define 
the following 1-form on E 

(4) dS= I jUiittydt, 

Jo 

where Jt( z ) = ° u ° ^(z)- 
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Claim 3.6. As suggested by the notation, dS is exact. 
Proof. From the definition of 74 we have 

dS= I tf*(i Xo u*f3*n)dt. 







The map (3 o u is homotopic to the identity map on £ C W C E. By the 
homotopy invariance of the de Rham cohomology we get u* (5*0, = 0, + dX 
and 



(5) dS = J (j) t *(ix tt)dt+ I (j) t *(i Xo d\)dt. 

The second term of (||) is exact since 

(f> t *{i Xo dX)dt = [ ^(Lxotfdt- I ^(di Xo X)dt 





= d [ ^(ixo^dt. 
Jo 

Here the term involving Lx vanishes after integrating over the closed curve. 

We still must show that the first term in (|5|) is exact. Overall, we have 
the following situation 

and 

vr : E -> M, 

where ir, p\ and pi are the obvious projections and Is is inclusion. Again 
by homotopy invariance, we have [O] = [ir*a] for some 2-form a on M. We 
also know that 

7T o J E = p 2 op x . 

Hence 

= b* P2O)] 

and we see that [I^fl] = \ptlA f° r some 2-form /x on S/S* 1 . This means we 
can write £1 = £lo + dv where fio satisfies ix ^o = 0. Consequently 

1 rl rl 

$ (i Xo n)dt = / 4> l {ixMdt+ / 4> t \i Xo dv)dt 
n jo Jo 

0'* (L Xo v) dt - I cf) 1 * (dix v) dt 
Jo 

f 1 

= -d </) (i Xo v)dt. 
Jo 

This completes the proof of the claim. □ 
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Claim 3.7. dS is a (f> -invariant form. 
Proof. 



ds(x ) = i Xo [\;n(%-)dt 

Jo 

1 _ 

o 

Using the definition of 7t we have 

7 t {z) = dpoduXQ{<f{z)) 



and 
Hence 



7t* = dp o duo dcf/ '. 
dS(X )(z) = I ^l{d0oduXQ{<j) t {z)),dpoduod4) t XQ{z))dt 



□ 

The previous two claims establish the existence of a ^-invariant function S 
whose differential is given by 

Remark 3.8. It is worthwhile to note here the following two facts. First, 
our construction of S does not depend on the relation of the embeddings 
u and (3 to the vector fields Xq and X\. In fact, any u and (5 will yield a 
(^-invariant function S in the same manner. This freedom of choice will be 
used in what follows. Also, just as we used the exponential map to obtain 
the diffeomorphism u from the section U, we can consider (3 as being defined 
by a small smooth section B of TE\^ d 2^ H=1 y, i.e. f3(z) = exp(B(z)). 

We still need to show that the critical points of S correspond to zeroes of 
V . Using our expression for 7t(z) and the decomposition @ we get 

j t (z) = dpP{u)0V(z) - A(0 t (z))X 1 ( y 9 o u{<l>\z))). 

Substituting this into the definition of dS yields 

dS= f Y t n(dpP(u)d(f ) t V(z) r )dt - [ j;n(X(4> t (z))X 1 (Pou(4> t (z))),-)dt. 



The term involving X\ vanishes since ix x O = 0on {e~ 2 <I>*# = 1} and we 
are left with 



Jo 



(6) dS= / rfn(dpP(u)d<j) t V(z),-)dt. 
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Since dS(Xo) = we know that dS is a 1-form on Xq 1 - C TT, where _L is 
taken with respect to a fixed ^-invariant metric < , >. Fixing a z £ £ we 
can consider equation (^) as defining a family of linear maps 

K(U,B): (X ± ) 2 (X ± ): 
parameterized by the embeddings -u and (3 and hence the sections U and 



-B, (see Remark 3J3). Here (Xq )* is the dual space to Xq at z and 
K(U,B)(V) = dS, as defined in (|). 

We know that U and B are small in their C 1 -norms. If we can show that 
K(0,0) is nondegenerate then for our small sections, U and B, K(U,B) will 
also be nondegenerate. This would imply that 

dS = V = 

and we would have the desired correspondence between the zeroes of V and 
the critical points of the </>*-invariant function S on E. 

Claim 3.9. K(0, 0) is nondegenerate. 

Proof. With U = and B = we have j t (z) = ^(z) and K(0,0): X -> 
(Xo)- 1 is given by 

kt*i 



ds= / (<frn)(y,-)dt. 







The 2-form Cl is almost conserved by (j) t * since (j) t is close to the flow of 
X\. So we have 

= + 



order c 



and 



dS r = fi(V,-) + / S(t)(V,-)<ft- 
j o 



order e 

All that is required now is to show that is nondegenerate. The kernel 

of Q restricted to T£ is Xis, the projection of Xi onto TS. But Xo is 
C fc -close to X\ and hence to X\^. The nondegeneracy of £1 on (Xis)" 1 " 
implies that it is also nondegenerate on (Xo) and both the claim and Step 
2 follow. 

□ 

For each we have constructed a <j> -invariant function S% whose criti- 
cal sub manifolds correspond to distinct periodic trajectories of X\ near £\ 
Now, 0* generates a circle action on each S* without fixed points. This 
yields 

g 

^Crit^/S 1 ) 
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as an immediate lower bound for the number of closed orbits on low energy 
'j=ki- 



levels. If all the {ctj}^L fc . are equal then the circle action generated by 



<j) 1 on X 1 is free. In particular, T, l /S is a 

C p(ki-ki-i-l) bundle over M 
obtained from a vector bundle. For such bundles we have that 
(7) i3"*(S i /S' 1 ;R) =J5r*(Af;R)®fr*(CP( fci-il, *- l - 1 ^R) 

as modules over H*(M; R), |Hu| . Using Ljusternik-Schnirelman theory we 
then get 

Critip/S 1 ) > Cat^/S 1 ) 

> CL^/S^ + l 

= CL(M) + ki-ki^. 

In fact, even if the a, aren't equal, and X* / 'S 1 is a twisted projective space 
bundle, it was shown by Weinstein in [ We4f| that 



{# of crit. circles of Si on £*} > Cat^/S 1 ). 

Relation (fjj) still holds in this case and so we always have 

{# of periodic orbits of X\ near S 1 } > CL(M) + k{ — ki-\. 

Summing over the E J and using the fact that ko = and k q = (n — m) we 
get at least qCL(M) + (n — m) distinct closed orbits of X\ and hence Xjj. 
The proof of Theorem |2.1| is now complete. 

□ 

As a point of further interest we note that the proof of Lemma [T^ en- 
compasses a proof of the following more general result. Let Q be an odd 
dimensional manifold and Xq a nonvanishing C 3 vector field on Q whose 
flow has a compact nondegenerate periodic submanifold S. 

Theorem 3.10. Let Q be a closed, maximally nondegenerate 2-form on Q 
whose kernel is C 2 -close to the line bundle spanned by Xq nearT,. IfQ = p\a 
for the canonical projection p\ : S — > S/5 1 and some a € i/ 2 (E/S' 1 ), then 
Q has at least Crit{T,/ S l ) closed characteristics near S. 

References 

[Arl] Arnold, V.I., First steps of symplectic topology, Russian Math. Surveys, 41 (6) 
(1986), 1-21. 

[Ar2] Arnold, V.I., On some problems in symplectic topology, in Topology and 
Geometry-Rochlin Seminar, O.Ya. Viro (Editor), Lect. Notes in Math., vol. 1346, 
Springer, 1988. 

[BT] Bahri, A., Taimanov, LA., Periodic orbits in magnetic fields and Ricci curvature 
of Lagrangian systems, Trans. A. M.S., 350 (7) (1998), 2697-2717. 

[Bot] Bottkol, M., Bifurcation of periodic orbits on manifolds and Hamiltonian sys- 
tems. J. Diff. Eq., 37 (1980), 12-22. 

[FR] Fadell, E. R., Rabinowitz, P. H., Generalized cohomological index theories for 
Lie group actions and an application to bifurcation problems for Hamiltonian 
systems, Inv. Math., 45 (1978), 48-67. 



14 



ELY KERMAN 



[FHV] Floer, A., Hofer, H., Viterbo, C, The Weinstein conjecture on P x C\ Math. Z., 
203 (1990), 469-482. 

[Gil] Ginzburg, V. L., New generalizations of Poincare's geometric theorem, Fund. 

Anal. Appl, 21 (2) (1987), 100-106. 
[Gi2] Ginzburg, V. L., On closed trajectories of a charge in a magnetic field. An ap- 
plication of symplectic geometry, in Contact and Symplectic Geometry, C.B. 

Thomas (Editor), Publications of the Newton Institute, Cambridge University 

Press, Cambridge, 1996, p. 131-148. 
[Gi3] Ginzburg, V. L., On the existence and non-existence of closed trajectories for 

some Hamiltonian flows, Math. Z., 223 (1996), 397-409. 
[Gi4] Ginzburg, V.L., Accesible points and closed trajectories of mechanical systems, 

in Global Analysis in Mathematical Physics by Yu. Gliklihk, Springer- Verlag, 

1998. 

[Gi5] Hamiltonian dynamical systems without periodic orbits, Preprint, 1998. 

[GK] Ginzburg, V. L., Kerman, E., Periodic orbits in magnetic fields in dimensions 

greater than two, Preprint, 1999. 
[He] Hedlund, G.A., Fuschian groups and transitive horocycles, Duke Math. J., 2 

(1936), 530-542. 

[Ho] Hofer, H., On the topological properties of a symplectic map, Proc. Royal Soc. 
Edinburgh, 115A (1990), 25-38. 

[HZ] Hofer, H., Zehnder, E., Symplectic invariants and Hamiltonian dynamics, 
Birkhauser, Basel, 1994. 

[Hu] Husemoller, D., Fibre Bundles, Springer- Verlag, New York, 1966. 

[Ji] Jiang, M.-Y., Hofer-Zehnder symplectic capacity for 2-dimensional manifolds, 

Proc. Roy. Soc. Edinburgh, 123A (1993), 945-950. 

[Ly] Lyapunov, A., Probleme generate de la stabilite du mouvement, Ann. Fac. Sci 
Toulouse, 2 (1907), 203-474. 

[Ma] Mather, J.N., Private communication to V. Ginzburg, November 1995. 

[Mol] Moser, J., Regularization of Kepler's problem and the averaging method on a 
manifold, Comm. Pure Appl. Math., 27 (1970), 609-636. 

[Mo2] Moser, J., Periodic orbits near an equilibrium and a Theorem by Alan Weinstein, 
Comm. Pure and Appl. Math., 29 (1976), 727-747. 

[Po] Polterovich, L., Geometry on the group of Hamiltonian Diffeomorphisms, Pro- 
cedings of the I. CM., Vol.11 (Berlin 1998), 1998, 401-410. 

[Se] Seifert, H., Closed integral curves in 3-space and isotopic two-dimensional defor- 
mations, Proc. Amer. Math. Soc, 1 (1950), 287-302. 

[Ta] Takens, F., Motion under the influence of a strong constraining force, Springer 
lecture notes in math., Vol. 819, Springer, Berlin, 1980, 425-445. 

[Wei] Weinstein, A., Perturbation of periodic manifolds of Hamiltonian systems, Bul- 
letin Amer. Math. Soc, 77 (1971), 814-818. 

[We2] Weinstein, A., Symplectomorphisms and their Lagrangian Submanifolds, Ad- 
vances in Mathematics, 6 (19710, 329-346. 

[We3] Weinstein, A., Normal modes for non-linear Hamiltonian systems, Invent. Math., 
20 (1973), 377-410. 

[We4] Weinstein, A., Symplectic V-manifolds, periodic orbits of Hamiltonian systems 
and the volume of certain Riemannian manifolds, Comm. Pure Appl. Math., 30 
(1977), 265-271. 

Department of Mathematics, UC Santa Cruz, Santa Cruz, CA 95064 
E-mail address: ely@cats.ucsc.edu 



